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Regression with Just the Facts

Regression, the workhorse of econometrics, is usually taught with a mixture of factual
calculations and a metaphysical appeal to a transcendent reality invoked to interpret the results of
those calculations. The metaphysics and the calculations are so interwoven that many practitioners
are under the impression that, without the metaphysics, the calculations have neither meaning nor
validity. In some forty years of working with regression, | have found, however, that the
calculations, or others quite similar, are much more helpfully interpreted without the metaphysics
by simply sticking to the descriptive, factual statements they enable us to make. In doubting that
formal hypothesis testing in the mold we have all been taught is the best or the only approach to the
analysis of macroeconomic data | am surely not alone. Leamer (1983), Poirier (1988), Sims (1996)
and others have expressed various doubts on this point.

In this note, | want first to state the metaphysical assumptions in the form of a fable which
will, perhaps, serve to keep the practitioner aware of their transcendental nature. ( In the fable, | have
in mind primarily regression on economic time-series data, but it is not without relevance to cross-
sections.) | will then show how the statistics dependent on the existence of the transcendent reality
for any meaning -- statistics like standard errors of regression coefficients, t-values, and F-statistics --
can be replaced by others with essentially the same informational content but of a purely factual
nature.

The Datamaker Fable

We econometricians face a body of data. Where did it come from? It was made, according
our metaphysical fable, by the Great Datamaker. Though we never see Datamaker, we know a lot
about how he works. We know that, to make the data we are looking at, he took aXmainick,

a vector3, and then generated many, many vectoisy picking vectors of random numbegsand
calculating

y=Xp +e (1)
He then bundled eaghwith X into a packet(X,y), and threw it out into the universe. One of these
packets struck the Earth, burst open, and created the economy which we are studying. We have had
the great good fortune to find the primordigly). There is no doubt about that. Our problem is
to find out wha} is. We know exactly wha is and we are perfectly sure that there was some real,
true. Though there is absolutely no chance that weswer catch a second one of these packets,

the infinitely many others are all caught elsewhere in the universe. Everyone who catches one must
compute

b = (X'X) XY (2)

and send the result to the Cosmic Information Center (CIC). The folks there -- ordinary mortals like
ourselves with no direct knowledge of Datamak@rswill take the average of all theand that
average will bep. Unfortunately, confidentiality requirements preclude them from any
communication back to us. So we will never krfavenly our one and only. Nevertheless, it is



gratifying to know that we are part of their effort whichil weveal to them the trup. We express
our pleasure in that fact by saying that bus unbiased.

Although Datamaker generally plays by the rules, he is known to sometimes play a little trick
on us and include iX one or more variables which in fact was not used in makiryg 4r which
had a 0 coefficient if. One of our particular tasks is to detect such jokes on the part of Datamaker.

Within this general fable, many details may be added. We may perhaps assume that the
elements oé are all independent and identically distributed. That assumption allows us to compute
easily the variances and covariances of all the elemebts Ib&ll data catchers send along these
estimates to the CIC, the average taken there will again be the true variances and covakiances of
We may believe further that the element& afe drawn from a normal distribution. That belief
allows us to deduce that th&s arriving at the CIC have a multinomial normal distribution and that
the ratio of an element of obrto our estimate of its standard error will be distributed as a Student
t variable. That conclusion is very nice because it can be used to detect jokers which Datamaker may
have thrown into theX packet. In some cases, we may believe that the elemeatarefnot
independent and that we know something about the structure of the relations among them. If that
knowledge is correct, it can be used to cut down on the variance btfiging into the CIC.
Though it is quite respectable to suppose that we know something aboetwasagenerated, it
would endanger our reputation to imagine that we know anything fpfmutthat would imply some
economic understanding on our part.

Recently, some haveigposed that Datamaker has a new trick. He makes up the elements
of y one at a time, starting from the top, and one of the elementsXfritatrix is just the element
of y from the row above. Those who take this notion seriously say that they, and presumably only
they, are doing "time series analysis." (Anyone working with time series data without this
assumption is left homeless.) These self-styled time-series analysts devote great energy and
ingenuity to determining whether or not the coefficierfi on this variable is equal to 1.0. We will
not pursue this school further save to note that its results seem to depend very heavily on knowing
exactly how Datamaker works.

Seeds of Doubt

| have the greatest possible admiration of the ingenuity and beauty of the mathematical
derivations based on the Datamaker fable. The derivations of the distributions of the regression
coefficients, of t and F statistics are marvelous. Von Neumann's derivation of the distribution of his
d (on which the Durbin-Watson statistic is based) is, for me, a miracle. | am awed by the
thoroughness of theoretical econometricians in working out the consequences of various
assumptions. For years, the sheer beauty of the derivations blinded me to the basic fact that the
Datamaker fable has little connection with what | am doing as an applied econometrician. That is
not to say that there may not be cases where the Datamaker fable may be entirely appropriate, as in
the analysis of repeatable, controlled experiments, where one knows exactly what has changed from
one experiment to another.



But that is not what | am doing as a builder of econometric models. | have one set of data
on the American economy in the 1980's and there is no chance iha&verget a second set with
only certain known policy changes. Furthermore, the process generating the data is vastly more
complex than any equation | can write down, though | may have some insight into it, and | may try
to capture that insight in the equation. | do not, however, believe for one second that | know the full
X matrix nor, indeed, that there is any tfueAs a builder of economic models, | am just looking
for rough but workable approximations of a vastly complicated reality. | model consumption of ice
cream with income and relative prices. But you buy ice cream; you know that how much you
consume depends on how hot the weather is, on whether or not you or your children have milk
allergies or philosophical positions about animal-derived food, on what kind of diet you may be on,
and on how loudly the children are howling in the back seat. Price? Income? Hardly. The one thing
| am relatively sure of is th#ttere is no true equation of the form | am fittingll claims about the
b's that | calculate being "unbiased" or "consistent” "estimates” of your true parameters seem pretty
meaningless. Most econometric theory seems, in the end, to be about how to make unbiased,
consistent, efficient estimates of non-existent parameters.

Poirier (1988, p. 132) notes "Such parameters need not 'exist' in the external world, but only
in the minds of researchers.” He finds them regarded as anything from metaphysical mental
constructs to "waste products” of prediction.

Do these arguments mean that | have no use for regression analysis? No, quite the contrary.
| find it an indispensable tool in economic modeling, which, despite the criticism of recent years,
remains the only way that | know to test my understanding of the economy and to put together pieces
of understanding into a coherent whole. In modeling, | am looking for a workable summary of
extraordinarily complicated economic behavior. | find it helpful to admit that complexity, not to
gloss over it by the Datamaker assumption. | do not regard, however, the regression coefficients as
estimate®f anything. They are just a sort of summary statistic of the data. If, however, you believe
that the data you are working with was indeed made by Datamaker frofnvewéors and that you
really do know thex, then you should read no further here. But if some slender doubt lurks in your
heart, then you may be interested to see how many of the metaphysical, Datamaker statements
usually made about regression results can be replaced by factual statements which are just as
informative and much easier to understand. You may also find that you want to describe the results
of your research in factual statements rather than in metaphysical ones.

Let me try to clarify what | mean by a factual statement versus a metaphysical statement. The
metaphysical statement relies on the Datamaker fable, on the assumption of the existence of a true
B, a transcendent reality beyond our powers of observation; the factual statement does not. If | say
that | have regressedon X with ordinary least squares and the result athat is a factual
statement. If | say thditis an unbiased estimate ffthat is a metaphysical one. If | say that the
standard deviation of the residuals is 16, that is a factual statement. If | add that the 16 is an
unbiased estimate of the standard deviation of the normal distribution from which the elements of
e were drawn, that is a metaphysical statement.



"That was easy,” you may say, "but what about the standard errors of the regression
coefficients, the t-statistics and the F-statistics. Aren't they all inextricably bound up with the fable?"
Well, those particular forms are chosen with an eye to the fable, but essentially the same information
can be presented in purely factual statements. How to do so is the subject of the rest of this note.

Factual Loss Limits and Metaphysical Standard Errors

Let us begin with "standard error of the regression coefficient." There must be conceivably
more than one of something for the concept of standard error to make sense. The very idea that the
regression coefficients have standard errors depends upon there being, at least potentiddly, many
vectors. When we are working with economic time series and trying to estimate equations for, say,
the U.S. economy in the 1970 - 1995 period, only the Datamaker assumption théXyapackets
are cast off into the universe can supply the multiplicity'sf for we shall certainly not see these
years re-run with just the “errors” changed. We are essentially working with the whole population;
and, without, Datamaker, there is no meaningful standard deviation of the regression coefficients.
If you ask me, “What was the average value of the Treasury bill rate in the 1980's?” you expect an
answer like, “8.8 percent.” If | add, “and the standard deviation of that mean is .44 on the
assumption that the 1980's were a random sample from all possible interest rates,” you are likely to
mutter, “No, no, | just wanted to know about the 1980's as they really were,” and think me some kind
of lunatic. The mean that | gave you, however, was just the regression coefficinent of the Treasury
bill rate on a series of 1's, and | thought — lunatic that | am — that you would want to know its
standard deviation. Standard errors of regression coefficients on economic time series data are all
in exactly the same class with my lunatic answer about the standard deviation of the mean. The
regression coefficients themselves, however, are useful descriptive statistics.

With random samples of cross-section data, matters are a bit more favorable to the usual
interpretation, for we can conceivably draw multiple random samples and cdmgutethe 95-
percent confidence interval for each and reasonably expect that about 95 percent of these intervals
will include theb that would be found by running exactly the same regression on the whole
population. Even in this case, however, the confidence intervals tell us nothing about what to expect
if another variable is added to the regression. Only the belief that we know tKerfalirix used
by Datamaker enables us to make any statement that transcends the particular choice of variables
we have made. And should we find that one of the variables is “insignificant” and rerun the
regression without it, the standard errors the program gives may be utterly misleading, for we may
have made a type Il error in throwing out the variable.

We may, however, in any case ask What is the factual content of the number that is usually
reported as the standard error of a regression coefficient? That statistic is really just giving us
information about how rapidly the sum of squared residuals (SSR) rises as that regression coefficient
is moved away from its least-squares value and the other regressions coefficients change to
compensate, as best they can, for that movement. To be more precise, let us d¥Kidethe
vertically into two partsX; andX,, whereX, contains only a single variable aKd contains all the



others. Similarly, we divide up the vector betweet, andb, and then define the vectorof
residuals by

r=y - (X;b, + Xb,). 3)

Now let us take hold directly @, and move it about, but always changmgo as to minimize the
sum of squared residuals. Thus the SSR becomes a functiorbgpiitbehoose, which we may call
SSR(h ). We can easily write it down:

SSRb,) = (¥ - X, (X;X) X[y = Xb )y - X,(X{X) X[y - (4)

Expanding and simplifying gives:

SSRb,) = (y/y - y’Xl(Xl/Xl)‘lxl/y) +2 X2/X1(X1/X1)_lxl/y - X,y 5)
v XXy~ XaXy(X{X) XX, b2

To see what familiar friends those long matrix products really are, let us write out the normal
equations for the regressionyobn X and the simultaneous inversion0K to create its inverse,
S. They are just

XXy XX5| (by Spy Sy X{y lj; 0
B[ MR .

XX, XoX,) (P2 S Sy Xgy 0 1

If we now proceed with the Gauss-Jordan elimination process to the point just before the final pivot
operation to determine,, we have

(bl S slz] )
b, Sy Sy,

Let us denote the matrix on the left herefbgo thata,, is the element in the lower right corner. By
looking back at equation (5), we see that this element is precisely the coefficieAtiors).
Moreover, the coefficient df, in equation (5) is just -2 times the expression in the lower left corner

of the matrix on the right of equation (7). Furthermore, the last step of the Gauss-Jordan process will
divide this element by,, to produceb,, the least-squares valuelf The first term on the right

of (5) is just SSR , the SSR resulting from the regressigroafjustX,. Thus, equation (5) can be
written as

SSRb,) = SSR - 2azzbz*bz + a22b22- (8)

Now the final pivot operation for solving equation (6), the step following that shown in equation (7),
will involve dividing the 1 in the lower right corner of the matrix on the right in (73,bto gets,,,

the diagonal element of tf&'X) * matrix corresponding to the coefficient we are moving. Thus,
equation (8) can be written as

SSRb,) = SSR - 2b,bys,, + bils,, 9)

Settingb, = b, , we find for the SSR for the full least squares regression, which we may call SSR ,

I (X{X) XX, @)

0 XZ/XZ_XZ/)(l(Xl/Xl) ‘1X1/X2 xz/y_XZ/)(l(xl/xl) _1X1/y

[ (XX,) Xy



SSR* = SSR - b,%Is,, (10)

If we now introduced as the deviation df, from its least-squares value and substityte b, +8&
into (9), it becomes, after simplification,

Supp ng%vge k, How far from its least-squares value can wéhevere the for
the Whole equation woufd increase by more thagrercent? The answer, quickly deduceéd from
equation (11), is

8 = [01A-SSR"s,, (12)

If for example, we picked = 5, then we would have for what we might call the "five-percent
loss limit" onb,

d = |/.05SSR"s,, (13)

Now if a regression has 20 degrees of freedom, what is the "standard error” of b by the usual
calculations? Exactly th&given by equation (13). For 20 degrees of freedom, the metaphysical
"standard error" of the regression coefficient as printed out by the computer is, factually speaking,
its five-percent loss limit. If there were 100 degrees of freedom, the metaphysical "standard error"
would be the factual 1 percent loss limit, and so on.

For the calculated number to really be a standard error, a whole host of assumptions must be
valid. Firstly and most unlikely, there must be a true equation of exactly the form we are estimating.
Secondly, we must be sure that we kraopriori what X is. If we have done any previous regression
and discarded some variables on the ground that their t-statistics were insignificant, then through this
pre-test we have admitted that we do not know what the true X is; and our present estifnates of
biased (because we may have made a Type Il error and thrown out a variable which belongs in the
equation), and the standard errors are more or less meaningless. (This point is eloquently made by
Fombyet al. [1984, p. 130].) ThirdlyX must be non-stochastic. Fourthly, the errors must be
uncorrelated with one another. Fifthly, they must all have the same variance. Sixthly, if the standard
error is to be used to calculate a valid t-statistic, the errors must also be normal. By contrast, the
factual loss-limit statement is always valid. If you change a regression coefficient by its five-percent
loss limit and recompute the others by least squares, the SSR will for sure and certain go up by five
percent. Thatis just a fact. (Some of these conditions can be relaxed a bit for large samples, but that
fact hardly helps the worker who has twenty years of historical data with which to fit his equation.
He can't go back further because the structure of the econonfly,welld have almost certainly
changed and he can't go into the future, because those data don't yet exist.)

The second of these conditions almost eliminates the valid use of classical statistical methods
in economics. The methods are aimed at estimating parameters or testing hypotheses when the
correct specification of the equation is known. But the notion that economic theory will tell us what
variables to put into an equation and the form of the equation is almost always simply laughable.
If we are to find equations with acceptable fits, we have to rely on our own explorations of the data
or on the empirical work of others. That reliance totally invalidates the classical statistical tests and



sampling properties. Loss limits, being purely factual statements, remain perfectly valid no matter
how much we have explored the data.

What happens to loss limits and standard errors as the sample size increases? Suppose for
example that we were able to double the sample and that it just so happened that the additional
observations turned out to look, one for one, exactly like the first set. The loss limits will be
unaffected by such a doubling of the sample. The standard errors will all shrink by a fact@r of 1/
Large sample studies always have tiny standard errors and huge t-statistics. Isn't that nice? Their
loss limits, however, are not necessarily very different from those of regressions on a much smaller
sample. Isn't that a drawback for the use of loss limits? Is there any way in which a factual statement
can express the superiority of the large sample? In my view, the factual statement is simply the
sample size and its structure. | am very leery of tiny standard errors in large-sample studies, because
the large sample is just as sensitive as the small to errors in specifying the X matrix. The fact that
some regression coefficient is ten times its standard error is supposed to make me very confident of
its sign. But the truth is that | don't really know whatXheatrix should include. After | have done
my best you may come along and suggest a new variable. When I throw it into the regression, lo,
the sign changes on the variable whose t-statistic was 10. My confidence in my metaphysical
knowledge shattered, | decide to stick to factual statements next time.

Since the loss limit statement is so much more factual and clear than the standard error
statement, one might well ask that a regression program display some standard loss limit instead of
the metaphysical standard deviation. Needless to say, the G and PDG programs developed by the
Inforum research group do just that. If you give the command "Il 5", then after the next regression
you will see the 5 percent loss limits for each coefficient.

Factual Mexvals and Metaphysical t-Statistics

Most regression programs report the t-statistics for each regression coefficients. Their main
use is in deciding whether or not the variable is one of the jokers that Datamaker slipped into the
packet. Their validity is subject to all the conditions we have just enumerated for the standard errors.

If we have the slightest doubt about their validity we can ask the factual statement, How much does
the SSR increase if we drop this variable? The answer is immediately clear from equation (10). It
goes up by ¥ [s . A convenient way to express the answer is to ask by what percent the standard
error of estimate goes up when the variable is eliminated and all others adjust to compensate as best
they can for the elimination. We may call this measure the marginal explanatory value, or mexval,
of the variable. If we denote it by m in general and By m for the particular case we have been
developing, then

SSR* + b,%
m, = 10 R L S
SSR*

The t-statistic is

(14)




b,
= (15)

J/S»"SSR'I(T -n)

so if your software fails to compute the mexvals, you can do so yourself by the equation

m = 100[ 1+ (Tt_zn) - 1) (16)

where T is the number of observations and n is the number of parameters estimated. (You might also
consider switching to the G software or demanding that the makers of your software put in mexvals.)

Just as the relation between the loss limits and the standard errors depended on the degrees
of freedom in the equation, so does the relation between mexvals and t values. Whichllowe is te
you what you want to know? Consider an equation with a variable that has a t-statistic of 3. If that
eqguation has 10 degrees of freedom, eliminating the variable will wreak havoc with the fit: mexval
= 40. If the equation has 1000 degrees of freedom, though the variable is somewhat more
"significant” by the t-test, eliminating it will have little effect on the fit: mexval = .45. As a non-
believer in Datamaker, | find the mexvals to be telling me exactly what | want to know in the two
cases but the t-statistics to be tricky to compare.

Factual Derivatives and Metaphysical Covariances

What sort of factual statements correspond to the covariances of regression coefficients? If
we return to equation (3) and ask hbychanges to compensate for changds,inve find

b, = (Xl/xl)_lxl/(y - X.by) = (xl/xl)_lxl/y - (Xl/xl)_lxl/XZbZ' (17)

The matrix (actually, it is a vector) which is multiplied By b in the last term of the right side of this
equation is the derivative @f with respect to b . Now note in equation (7) that if we carry the
Gauss-Jordan pivoting process to its conclusion we will have

Sip = ~$p(%1Xy) XX, (18)

Note the similarity to the coefficient bf on the extreme right of (17). Recalling that the variance-
covariance matrix by the usual formulais s S, we see that if we divide each of its columns by the
diagonal element in that column, we obtain a matrix wHbse j column shows the derivatives of all
the regression coefficients as b is independently varied and all the others are varied to maintain as
good a fit as possible with the given b. This matrix of derivatives is the factual way of interpreting
the information contained in the metaphysical variance-covariance matrix. In factual terms, the
variance-covariance matrix is showing us how sensitive the other regression coefficients are to the
value chosen for any one. One could, of course, also multiply each column of this derivative matrix
by, say, the five-percent loss limit for the corresponding variable to see how far each of the other
regression coefficients would move if a given one were moved out to its five-percent loss limit.

Factual Normalized Residuals and Metaphysical F Statistics
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If a regression is computed by successive Gaussian pivots, it is little extra work to carry one
more row which will give in the diagonal element the SSR after each pivot. If these numbers are
saved, they can be used for printing at the end of the regression the F statistics for testing, under the
usual Datamaker assumptions, the significance of the last variable, the last two, the last three, and
so on through the whole equation. (If your software gives only one F, the one for the whole
eguation, change to G or demand an improvement.) These F's are, of course, designed for making
metaphysical statements about significance. The same information can be conveyed factually by
simply showing the SSR for each stage, or by expressing each of them as a ratio to the SSR when
all variables have been included. | have called these ratios "Normalized residuals" because they have
been normalized by the last one. They are routinely shown by the G and PDG programs and are
helpful for judging the usefulness of a group of variables, especially if the group is placed at the end
of the list of regressors. These ratios are, of course, simply factual statements without metaphysical
overtones.

Other Factual Statistics

A number of other standard statistics are factual in nature. For examplp, dhe
autocorrelation coefficient of the residuals has a simple intuitive meaning as the regression
coefficient of the residual on its lagged value, the tendency of the equation to go on making the same
mistake. Putting the same information in the form of a Durbin-Watson statistic takes away the
intuitive interpretation and raises the suspicion that one has in mind making some metaphysical
statement about how Datamaker drewehrector. The mean absolute percentage error is a factual
statistic, as are the elasticities of the various variables evaluated at the means of the observed values.
The leverage vector, used in detecting outlying observations, is simply the derivative of the predicted
value of each observation with respect to its observed value. It is also factual.

Data Mining, Factual Statistics, Judging Regressions and Prior Information

Exploring the data with regression analysis certainly invalidates the metaphysical test
statistics. It is therefore often held to be reprehensible and is referred to in pejorative tones as "data
mining" or "data snooping.” Let me say plainly that | think that it is the responsibility of the
researcher to explore the data thoroughly. Isn't that what makes one an expert on a subject? Isn't that
precisely what the researcher is getting paid for? Have you ever, on looking at someone else's
regression, asked, "Did you try so and so?" If so, you explicitly recommended data exploration.
Indeed, if we are not allowed to learn about the real world by looking at data, how then are we
supposed to learn about it? From other researchers who have also not looked at their data?

So if the researcher has done a thorough job, the data is completely mined and the
conventional test statistics utterly misleadifitne factual statistics, however, remain perfectly valid.

Does this attitude open the spillways to all manner of junk regressions? Not at all. The next

step after estimating an equation is to use it in a model. To do so implies that we expect that the
relations found by the equation will continue to hold in the future or at least would have held in the
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past even if some of the independent variables had been different. That expectation gives us a
number of ways to judge an equation. In Almon [1994], | have tried to develop a sort of checklist
of such criteria which have nothing to do with test statistics. They include accounting for important
influences, parsimony, appropriate dimensions, reasonable attention to cointegration, adequate
allowance for lags, plausible parameter values, stability of coefficients when the sample period is
changed, satisfactory fit, and several others not easily explained out of context. The leverage
variable should be examined to detect outlying observations and those observations considered
carefully. Indeed, the notion that all an equation needs is a high R and significant t-statistics will
certainly admit more junk equations than do these criteria.

Since plausibility of regression coefficients is a primary concern for me, one might suppose
that I would use (or at least advocate that others use) Bayesian regression. But the Bayesian position,
just as much as the classical position, involves assuming that there are true parameters. One who
holds that there are no true parameters needs a procedure closer to the emphasis on regression
coefficients as summaries of data. If we want the parameters of an equation to satisfy approximately
some linear constraint -- the simplest being that the parameter should have a certain value -- but the
regression refuses to give "nice" values, we can just malketifipial data which would be fit
perfectly by any equation whose parameters satisfy the constraint. We then combine this artificial
data with the natural data in proportions to give a balance between our desires that the equation fit
both the natural and the artificial data. A good regression package can make it extremely easy to use
these "soft" or "stochastic" constraints without any appreciable increasdimehequired for the
regression computations. As with Bayesian regression, use of this procedure obligates us, of course,
to report the use of the artificial as well as the natural data. The use of the artificial data affects the
loss limits, mexvals, and normalized residuals, for in their calculation the artificial data is just as
much data as is the natural data.

Conclusion

It has proven possible to give factual alternatives to all the common metaphysical statistics.
In reporting results from regression analysis, you do not have to make metaphysical statements that
you don't believe if you don't want to. You can convey the same information to your readers with
purely factual statistics. These statistics can easily be incorporated into regression programs, as they
already are in the G program. By a de-emphasis of testing and an increased emphasis on economic
measurement and interpretation, | hope that they will contribute to putting batbathand the
metricsback into econometrics.
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